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a b s t r a c t 

Statistical analyses of the first pop-in stress data, obtained by spherical tip-nanoindentation experiments 

on different metallic glasses (MGs) with tip radius, R i , loading rate, ˙ P , and structural state of the glass 

as experimental variables, show that the 3-parameter bimodal Weibull distribution best captures the 

stochastic nature of the incipient plastic strengths. Significant bimodality in the strength distributions 

was observed only when a larger R i and ˙ P are employed. We hypothesize that the stress required for 

shear band nucleation has to exceed a critical value over a characteristic distance over which the stress 

gradients are minimum to rationalize the bimodality. 

© 2020 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved. 
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The shear yield strength, τ y , of a material can be estimated us-

ing the load, P FP , at which first pop-in (FP) occurs during spherical-

tip nanoindentation, as [ 1 , 2 ]: 

τy = 0 . 17 

(
1 

R i 

)2 / 3 
(

1 − ν2 
s 

E s 
+ 

1 − ν2 
i 

E i 

)−( 2 / 3 ) 

( P F P ) 
1 / 3 (1)

where R i is the indenter radius, and E and ν are elastic mod-

uli and Poisson’s ratios (subscripts ’ s ’ and ’ i ’ denote sample and

the indenter, respectively). The variability in τ y of a metallic glass

(MG) reflects the stochastic aspects of incipient plasticity [3–8] ,

due to the intrinsic randomness in their atomic packing. Statis-

tics of τ y for a variety of MGs were reported and analyzed [9–13] .

Perepezko et al. [14] observed that the datasets obtained on four

different MGs are bimodal, on which basis they assert the exis-

tence of two distinct intrinsic defect sites that trigger the forma-

tion of an incipient shear band (SB). However, all their data was

obtained with only one R i ( = 5 μm), which means that the probed

material’s volume is fixed. Moreover, they performed the analy-

ses using the Gaussian distribution function. However, the Weibull

statistics have been used to describe the τ y dispersions [11] as well

as size-effects, especially at nanometer-submicron scales [ 12 , 13 ] to

show that, in general, their applicability is limited because it does

not distinguish between processes like nucleation, propagation and
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verlap of stress fields. In this work, evaluation of uni- and bi-

odal versions of three different statistical models was performed

n 13 datasets that are generated using wider combinations of ex-

erimental variables so as to ascertain the true statistical nature of

he incipient plasticity in MGs. 

Table 1 summarizes the examined datasets generated on two

ifferent Zr-based MGs at room temperature in both as-cast (AC)

nd structurally relaxed (SR) states. The latter were obtained by

nnealing MG samples below their T g . Datasets AC1-AC5 and SR1

ere taken from refs. [ 4 , 5 ] whereas AC6, AC7, A1-A4 and SR2 are

ew. For these, nanoindentation experiments were performed on

irror-polished (using 0.2 μm diamond suspension and kerosene

edium) specimens using a Hysitron Triboindeter ( R i = 1 μm). 

Statistical analyses of τ y data were performed using Gaussian,

ognormal, and Weibull models. Both two- and three- parameter

ersions of the latter (abbreviated as 2 W and 3 W, respectively)

ere considered. Equations that describe the probability density

unctions (PDFs) for all the different models are given in the sup-

lementary information (SI). The sample size optimization tests

see S1.1 in SI for the procedure employed) show that a sample

ize, varying in the range of 100 to 140, is sufficient for making

eliable statistical inferences for all the datasets. 

The Maximum Likelihood Estimates (MLEs) are consistent with

 certain rate of convergence, which depends on the regular-

ty conditions of the assumed model [15] . For the bimodal dis-

ributions, we employed the Expectation-Maximization Algorithm

EMA) to obtain the MLEs. (See Section S1.1 of SI for details.) Then,
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http://www.ScienceDirect.com
http://www.elsevier.com/locate/scriptamat
http://crossmark.crossref.org/dialog/?doi=10.1016/j.scriptamat.2020.06.045&domain=pdf
mailto:uram@ntu.edu.sg
https://doi.org/10.1016/j.scriptamat.2020.06.045


S. Nag, R.L. Narayan and J.-i. Jang et al. / Scripta Materialia 187 (2020) 360–365 361 

Table 1 

Summary of the different metallic glass (MG) alloy compositions and their structural states, indentation parameters utilized 

in this study. Datasets AC1 – AC5 and SR1 are taken from Refs. [ 4 , 5 ] whereas the rest were produced for this study. 

Dataset Composition Thermal history ˙ P (mN/s) R i (μm) Data size 

AC1 Zr 52.5 Cu 17.9 Ni 14.6 Al 10 Ti 5 (glass 

transition temperature, T g = 578 K) 

as cast 1 31.5 110 

AC2 " as cast 5 31.5 111 

AC3 " as cast 10 31.5 112 

AC4 " as cast 20 31.5 133 

AC5 " as cast 1 5.75 135 

AC6 Zr 35 Ti 30 Cu 8.25 Be 26.75 ( T g = 673 K) as cast 0.4 1 100 

AC7 " as cast 0.4 1 100 

A1 " Annealed, 553 K, 520 min 0.4 1 100 

A2 " Annealed, 573 K, 170 min 0.4 1 100 

A3 " Annealed, 593 K, 41 min 0.4 1 100 

A4 " Annealed, 613 K, 15 min 0.4 1 100 

SR1 Zr 52.5 Cu 17.9 Ni 14.6 Al 10 Ti 5 Annealed, 630 K, 60 min 1 5.75 112 

SR2 Zr 35 Ti 30 Cu 8.25 Be 26.75 Annealed, 558 K, 1440 min 0.4 1 100 

Table 2 

Akaike information criterion (AIC) estimates. The estimates marked in bold are the min- 

imum ones among all competing models for the respective dataset. 2 W and 3 W refer 

to two and three parameter Weibull distributions respectively, whereas G and LN refer 

to Gaussian and lognormal distributions. 

Dataset 

Bimodal distribution Unimodal distribution 

2W 3W G LN 2W 3W G LN 

AC1 9.8 −3.0 −0.2 −1.5 33.5 2.4 21.2 14.7 

AC2 28.5 22.9 23.1 22.1 51.6 42.0 46.8 45.4 

AC3 83.2 61.8 75.8 72.8 112.9 77.3 104.4 96.4 

AC4 95.5 89.0 92.1 92.0 143.0 123.6 139.9 137.3 

AC5 63.6 54.5 61.4 61.8 76.6 60.7 63.9 61.5 

AC6 122.2 107.1 117.2 116.9 131.8 113.2 120.1 116.5 

AC7 107.2 100.0 104.6 103.9 118.7 101.4 107.4 103.0 

A1 117.2 101.0 109.6 108.8 134.9 103.5 119.3 112.4 

A2 137 122.7 132.0 128.3 151.2 126.8 138.6 132.3 

A3 140.1 133.9 140.3 138.0 142.0 136.7 136.2 137.2 

A4 142.4 128.1 139.3 138.6 150.7 133.1 139.0 134.9 

SR1 −32.3 −63.8 −40.1 −41.0 −8.5 −46.9 −36.3 −40.6 

SR2 194.2 181.9 190.2 189.2 198.6 184.8 188.6 185.4 
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A  
kaike information criterion (AIC) [16] was utilized to assess the

uitability of a selected model to describe the data. The model that

ields the lowest AIC value for a given dataset best describes it. On

his basis, it is evident from Table 2 that the bimodal 3 W distribu-

ion is best suited to describe the stochastic nature of τ y in MGs.

The exception of the dataset AC2, for which AIC of 3 W is the sec-

nd lowest.) 

Table 3 lists MLEs of the proportions of bimodal components for

he 13 datasets. It reveals that both the components are significant

nly for AC1 to AC4 datasets. In the rest, the second components

ary between 1 and 9%. Since these are within the experimen-

al errors and/or sampling noise, it is reasonable to assume that

he unimodal 3 W distribution effectively represents the stochastic

ature of τ y in those nine datasets. The Kernel Density Estimates

KDEs) displayed Fig. 1 are in agreement. 

The p-values of the Kolmogorov-Smirnov goodness-of-fit tests

or the uni- and bi-modal 3W distributions were found using the

bootstrap’ expansion [17] . (See Section S2.3 in SI for details.) For

oth the distributions, the obtained p -values that are listed in

able 3 are more than the chosen value of the significance level ( αs 

0.05 1 ) for all the sets of data. This implies that neither model can

e rejected if they are considered only on the basis of goodness-

f-fit. 

The strength variability in brittle materials is best described by

eibull statistics because the largest defect, which initiates failure,
1 Except for the p -value of unimodal Weibull model for dataset AC4; however, 

he model has already been discarded by AIC. 

t  

t

a  
onstitutes the weakest link. For MGs, the weakest links can be

hought as those local regions where the atomic packing fraction is

he lowest, and hence yield first [18–20] . The random nature of the

acking also implies spatial heterogeneity in yield strength of the

morphous alloys. Therefore, 3 W model being the best descriptor

f the τ y data of MGs appears physically meaningful. 

The Weibull modulus, m , which defines the extent of scatter

n the data, ranges between 1.5 and 2.5 for most of the datasets

 Table 3 ). A comparison of it with those obtained from bulk com-

ression tests ( m ~ 6) [ 21 , 22 ] and tension tests ( m ~ 36) [23] re-

orted in literature suggests that the scatter in τ y is significantly

igher than that of the fracture strength, although both are under-

tood to be mediated by SBs [ 24 , 25 ]. This is similar to that seen

n the tensile strength distributions of continuous fiber-reinforced

omposites where the breakage of the individual fiber exhibit a

mall m whereas the macroscopic composite failure, which is also

tatistical in nature, tends to have significantly larger m [ 26 , 27 ].

his is because the failure of fiber composites is driven by the ac-

umulation of broken fiber clusters until one such cluster becomes

nstable, which is analogous to the localization of plastic flow in

Gs via SB nucleation that has origins in collective cascading of

hear transformation zones (STZs) [28–30] . 

Table 1 shows that AC1–AC4 datasets produced with a large in-

enter ( R i = 31.5 μm) but with varying ˙ P are distinctly bimodal.

mongst these, an increase in 

˙ P leads to (a) a shift in the τ y dis-

ribution to higher values, and (b) an enhanced prominence of

he bimodal nature. These observations suggest that a larger R i 
nd/or ˙ P impart bimodality to τ y distributions. An examination
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Table 3 

Maximum likelihood estimates (MLEs) along with the p-values of the KS test for unimodal and bi- 

modal 3-parameter Weibull (3 W) distributions. The cells colored green are the relevant parameters 

for a given dataset: Bimodal distribution is favored for datasets AC1 – AC4 whereas unimodal distri- 

bution best describes the rest. 

Dataset 

3 W bimodal 3 W unimodal 

Proportion α β m p-value α β m p-value 

AC1 0.65 1.38 0.29 1.87 1.00 1.38 0.46 1.60 0.51 

0.35 1.87 0.26 1.73 

AC2 0.81 1.43 0.59 2.41 0.91 1.43 0.70 2.26 0.43 

0.19 2.33 0.16 3.26 

AC3 0.76 1.65 0.42 1.48 0.98 1.65 0.60 1.40 0.50 

0.24 1.65 1.13 8.77 

AC4 0.49 1.69 0.30 1.73 0.88 1.68 0.71 1.53 0.04 

0.51 1.70 1.06 5.22 

AC5 0.95 1.68 0.76 2.33 0.99 1.65 0.79 2.51 0.92 

0.05 2.18 0.05 22.62 

AC6 0.94 2.66 0.90 2.03 0.97 2.65 0.95 2.04 0.92 

0.06 3.85 0.32 31.54 

AC7 0.03 2.16 0.01 1.01 0.99 2.08 0.91 2.10 0.98 

0.97 2.24 0.76 1.77 

A1 0.98 2.56 0.75 1.59 0.99 2.56 0.77 1.61 0.98 

0.02 3.78 6E-04 1.00 

A2 0.91 2.43 0.85 1.58 0.82 2.41 0.91 1.74 0.95 

0.09 3.47 0.03 1.00 

A3 0.99 1.99 1.48 3.18 0.91 2.02 1.46 3.04 0.90 

0.01 4.40 1E-04 1.00 

A4 0.98 2.53 1.06 2.04 0.98 2.53 1.07 2.09 1.00 

0.02 3.61 2E-04 2.17 

SR1 0.97 2.65 0.43 1.93 1.00 2.65 0.43 1.96 0.97 

0.03 3.06 3E-05 1.00 

SR2 0.97 2.80 1.44 2.22 0.92 2.79 1.48 2.29 0.96 

0.03 4.72 2E-03 1.00 
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of the published literature appears to agree. For example, the bi-

modal distributions reported by Perepezko et al. [14] are obtained

with a relatively large R i (~5 μm) and a high 

˙ P (20 μN/s). Simi-

larly, Zhao et al. [9] report bimodal τ y distributions in eight dif-

ferent MGs measured with R i = 2 μm and 

˙ P ranging between 1.1

and 4.56 μN/s. Indentations performed with a single indenter of

R i ( = 2.5 μm) but with 

˙ P ranging from 0.05 to 2 mN/s by Wang

and Perepezko [31] show that the bimodal nature gets increas-

ingly prominent at higher ˙ P . Additionally, it appears that the struc-

tural state of MG influences the τ y distribution as well, as seen in

Fig. 1 (b). Structural relaxation of the MG moves the τ y distribu-

tion to higher stresses, which is consistent with that reported by

Perepezko et al. on a Fe-based MG [14] . 

The fact that both R i and 

˙ P are experimental variables suggests

that the observed bimodal distributions manifest only under spe-

cific experimental conditions. This raises the following issues. If the

bimodal distribution is indeed due to the presence of more than

one kind of ’defect’, as hypothesized by Perepezko et al. [ 14 , 31 ],

one would rather expect unimodal distribution in τ y for large R i 
and a bimodal distribution for smaller R i . This is because with an

increasing R i , the volume of the material that is being probed in-

creases cubically, which results in a higher probability of finding

both kinds of defects in the probed volume in every indentation.

Since the weakest defects must always be the ones to get activated

first, a unimodal distribution should result when a large indenter is

used. Therefore, an alternative mechanistic rationale for the obser-

vation of bimodal distributions under the aforementioned experi-

mental conditions is necessary. 

The activation of a single STZ being the source of the pop-in can

be ruled out as the size of it, even if one considers the largest STZ,

is orders of magnitude smaller than the volume of the material

displaced during the pop-in [32] . On this basis, we infer that the

first pop-in is probably linked to the embryonic formation of a SB

underneath the indenter. 
t  
An approximate estimate of the number of activable STZs that

an be found within the volume of the material that is deform-

ng underneath the indenter (See Section S2 of SI for details) that

hen the MG indented with a large indenter ( R i = 31.5 μm),

88 STZs can potentially get activated whereas only 6 STZs can

e accessed during a single indentation when a smaller tip ( R i ~

.75 μm) is used. Since the smaller tip has access to lesser num-

er of STZs, higher stress would be essential to form a SB, which

ationalizes the observed shift in τ y distribution to higher values

hen smaller R i tips are used. Moreover, the probability of mul-

iple SBs nucleating simultaneously within the deformed volume

reatly reduces due to the small number of activable STZs. There-

ore, plastic deformation would commence via the linking up of all

he activated STZs to form a SB. 

With large R i , multiple sources for SB nucleation getting acti-

ated becomes a possibility as a larger volume of MG is probed,

esulting in a bimodal τ y distribution. Since the stress distribution

nderneath a spherical indenter is complex with strong gradients,

ne can envision a scenario in which yielding occurring when an

mbryonic SB of a critical length is nucleated [33] , which, in turn,

equires some minimum number of STZs to be activated along the

hearing plane. Importantly, a sustainable SB can only nucleate if

he shear stress along any contour is higher than the stress re-

uired to activate STZs at several locations on it. Consequently, ini-

iation of plastic deformation is most favored only along the con-

our that sustains a sufficiently large value of stress over a signif-

cant portion of its length. In essence, the above criterion is anal-

gous to the Ritchie-Knott-Rice fracture criterion in brittle materi-

ls which states that crack begins to propagate when the normal

tress exceeds a critical value over at a certain distance ahead of

he crack tip [34–37] . 

The above hypothesis is illustrated using Fig. 2 (a), in which

he variations of the Mohr-Coulomb flow stress, τMC ( = τ+ ησ m 

,

here τ is the shear stress, η is the coefficient of internal fric-

ion ( ≈ 0.13 [38] ) and σ m 

is the hydrostatic stress [39] ) along four
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Fig. 1. Strength distribution represented as KDE of τ y in different MGs demonstrating the individual effects of (a) loading rate, ˙ P (b) alloy thermal history and (c) indenter 

tip radius, R i . 

Fig. 2. (a) Variations of τ MC in space (b) gradients in τ MC along the length of four discrete spacial contours. x varies from r’ = 0 to z’ = 0 (See S2 in SI). 
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discrete potential SB trajectories (See Fig. S4 in SI for these tra-

jectories) are plotted as a function of x/a , the distance along each

contour (See Section S3 of SI for Hertzian contact relations). As

seen, τMC varies non-monotonically along each trajectory. Due to

the stress gradients along each contour, initiation of plasticity will

be most favored only along the contour that sustains a sufficiently

large value of τMC that facilitates SB formation [40] . Since the en-

ergy barrier for STZ activation is not single valued, but has a large

variance [ 41 , 42 ], we suppose that τMC has to be exceeded over

some characteristic length. 

The high gradients in the stress field underneath the indenter

make it difficult to satisfy the above condition. In Fig. 2 (b), vari-

ations in the shear stress gradients, 
∂ τMC 
∂x 

, along the four contours,

which are displayed in Fig. 2 (a), are plotted. On the basis of the es-

timated variations of τMC and 

∂ τMC 
∂x 

, nucleation of a SB along con-

tours A (steep 

∂ τMC 
∂x 

) and D (low peak value of τMC ) is not favored.

Of the remaining contours, B sustains a higher value of τMC over

a significant part of its length compared to C. However, the former

has a significantly high 

∂ τMC 
∂x 

compared to the latter. Based on these

considerations, contour C is the most preferred path for incipient

plasticity via SB nucleation [40] . 

The preferred path for SB nucleation will also be influenced by

R i . This is because 
∂ τMC 
∂x 

is expressed in terms of P m 

/ a , which is in-

versely proportional to R i . Therefore, when an indenter with larger

R i is used, while the spacial profiles of the τMC contours remain

unaltered, the magnitude of 
∂ τMC 
∂x 

along each contour reduces. This,

in turn, will increase the likelihood of SB nucleation along the pre-

viously unfavorable stress contours, such as B. Moreover, indenters

with larger R i access significantly larger number of STZs, which fur-

ther increases the possibility of SB nucleation along several differ-

ent competing stress contours. In the following, this observation

can be utilized to rationalize the influence of R i and 

˙ P on the na-

ture of the strength distributions seen in Fig. 1 (c). 

Datasets AC1–AC4, obtained with a large indenter ( R i ~31.5 μm),

exhibit a bimodal distribution of τ y because a SB can potentially

form along several different stress contours. At any given load,

however, τMC along one contour is higher than the other. In such

a situation, SB nucleation along the contour with higher τMC can

occur at a lower value of τ y as compared to that on a contour

with lower τMC . This difference in the stress required for SB nucle-

ation along different stress trajectories manifests as the bimodal dis-

tribution of τ y . In contrast, the strength distribution is unimodal

when indenters with a smaller R i are employed because the com-

bination of (a) a relatively small value of 
∂ τMC 
∂x 

along a particular

trajectory and (b) the lower concentration of STZs in the indented

volume, make that particular stress trajectory an exclusive path for

incipient plasticity. The comparatively lower τMC along that trajec-

tory also explains the shift in the strength distribution of τ y to

higher values. At higher ˙ P , activation of multiple STZs for rapid

stress relaxation requires a longer trajectory for initiating plastic-

ity. As this increases the probability of SB formation along several

different stress trajectories, the τ y distribution becomes bimodal at

higher ˙ P . 

We now turn to the enhancement in τ y distribution to higher

stresses after structural relaxation, during which the free volume

content in MGs decreases markedly [35] . A low free volume con-

tent increases the STZ activation stress, and, in turn, makes it dif-

ficult for the SB-mediated plasticity to occur [35,43] . Therefore, in

the annealed state, the average stress required to nucleate SBs in

MGs is higher than that in the as cast state [35–38] . 

In summary, detailed statistical analyses of the incipient plastic

strengths of MGs show that they are best described by a three-

parameter bimodal Weibull distribution [44] . The bimodal nature

of the distribution is prominent only when either large indenters

or high loading rates, or both, were employed. Analyses of the
tress distributions and their gradients suggests that the stress re-

uired to nucleate a SB along a particular shear trajectory depends

n both R i and 

˙ P , when a critical stress has to be exceeded over

ome characteristic length. For large R i and 

˙ P , several stress trajec-

ories become fertile; the difference in the stress required for SB

ucleation among them induces bimodality to τ y . 
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